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Problem (P) is worth studying because some important special optimization problems that have been studied in literature fall into the category of (P), such as multiplicative programs, sum-of-ratios optimization, fractional polynomial optimization, namely: *Multiplicative programs (MP)*: In this case, the objective function *G*, with the form $\documentclass[12pt]{minimal}
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                \begin{document}$y_{i}=\frac{c_{i}^{\top}x+c_{0i}}{d_{i}^{ \top}x+d_{0i}}$\end{document}$, is quasi-concave, and its minimum is attained at some extreme point of the polytope \[[@CR1]\]. Multiplicative objective functions arise in a variety of practical applications, such as economic analysis \[[@CR2]\], robust optimization \[[@CR3]\], VLSI chip design \[[@CR4]\], combination optimization \[[@CR5]\], etc.*Sum-of-ratios (SOR) optimization*: SOR functions have the form $\documentclass[12pt]{minimal}
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                \begin{document}$\gamma_{ij}$\end{document}$ is a positive integer. Problems of this form have many applications \[[@CR9]\], including production planning, engineering design, etc. In addition, from research point of view, these problems pose significant theoretical and computational challenges because they possess multiple local optima that are not globally optima.

During the past years, many solution methods have been developed for globally solving special cases of problem (P). These methods can be classified into outer-approximation \[[@CR10]\], branch-and-bound \[[@CR11]--[@CR14]\], mixed branch-and-bound and outer-approximation \[[@CR15]\], cutting plane \[[@CR16]\], parameter-based \[[@CR17]\], vertex enumeration \[[@CR8]\], heuristic methods \[[@CR18]\], etc. However, most of these methods lack theoretical analysis of the running time of the algorithms, or performance guarantee of the solutions obtained. To our knowledge, little work has been done about the solution of *ε*-approximation problems of (P) without the quasi-concavity and low-rank assumptions; although Locatelli \[[@CR19]\] has developed an approximation algorithm for a general class of global optimization problems. Next, we immediately introduce the definition of the *ε*-approximation problem related to global optimization as follows.

Definition 1 {#FPar1}
------------
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This article focuses on presenting a fully polynomial time approximation scheme (FPTAS) for solving problem (P). An FPTAS for a minimization problem is an approximation algorithm, that is, for any given $\documentclass[12pt]{minimal}
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For the special cases of problem (P), many solution algorithms have been developed about the solution of *ε*-approximation problems. Depetrini and Locatelli \[[@CR21]\] presented an approximation algorithm for linear fractional-multiplicative problems, and they pointed out that the algorithm is an FPTAS as the number *p* of ratio terms is fixed. This result has been extended to a wider class of optimization problems by Locatelli \[[@CR19]\]. Also, Goyal and Ravi \[[@CR22]\] exploited the fact that the minimum of a quasi-concave function is attained at an extreme point of the polytope and proposed an FPTAS for minimizing a class of low-rank quasi-concave functions over a convex set. Mittal and Schulz \[[@CR20]\] developed an FPTAS for optimizing a class of low-rank nonconvex functions without quasi-concavity over a polytope. In addition, Depetrini et al. \[[@CR23]\] and Goyal et al. \[[@CR24]\] respectively gave an FPTAS for a class of optimization problems where the objective functions are products of two linear functions. Shen and Wang \[[@CR25]\] presented a linear decomposition approximation algorithm for a class of nonconvex programming problems by dividing the input space into polynomially many grids. Nevertheless, these solution methods \[[@CR20], [@CR21], [@CR23]--[@CR25]\] cannot be directly applied to the case (i.e., problem (P)) considered in this paper, where the objective function is a composition of some ratios of affine functions without quasi-concavity or low-rank.

The aim of this article is to present a solution approach for a class of fractional programming problems (P). By introducing some variables, the original problem (P) is first converted to a *p*-dimensional equivalent problem (Q). Through the establishment of a nonuniform grid, on the basis of problem (Q), the solving process of the original problem (P) is then transformed into checking the feasibility of a series of linear programming problems. Thus, a new approximation algorithm is presented for globally solving problem (P) based on the exploration technique of a nonuniform grid over a box. The algorithm does not require quasi-concavity or low-rank of the function *G* to problem (P), and it is proved that this is an FPTAS as the term *p* is fixed in *G*. We emphasize here that the exploration technique used in this article is different from the ones given in \[[@CR19], [@CR21]\]. The reason is that we utilize a different strategy from that given in \[[@CR19], [@CR21]\] to update the incumbent best value of the objective function $\documentclass[12pt]{minimal}
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                \begin{document}$g(t)$\end{document}$ to problem (Q), and that requires fewer interesting grid points restored and considered in our algorithm, compared with Refs. \[[@CR19], [@CR21]\]. Also, we notice that the main computational cost of the proposed algorithm is checking the feasibility of linear problems at the interesting grid points. This means that it requires less computational cost and so is more easily implementable. Finally, problem (P) generalizes the one investigated in \[[@CR21]\], and the proposed algorithm can be directly applied to solve the problem in \[[@CR19]\] by replacing the convex feasibility with the linear one. Numerical results show that the proposed algorithm requires much less computational time to obtain an approximation optimized solution of problem (P) with the same approximation error than the approaches (given by \[[@CR19], [@CR21]\]) do.

The paper is structured as follows. In Section [2](#Sec2){ref-type="sec"}, we discuss the reformulation of problem (P) as a *p*-dimensional one. Section [3](#Sec3){ref-type="sec"} presents an approximation algorithm to obtain an *ε*-approximation solution for problem (P) which is FPTAS by its computational complexity. Some numerical results are reported in Section [4](#Sec6){ref-type="sec"}. Finally, the conclusions are presented in Section [5](#Sec7){ref-type="sec"}.

Parametric reformulation of the problem {#Sec2}
=======================================

For solving problem (P), throughout this paper, we assume that *G* satisfies: $\documentclass[12pt]{minimal}
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-----
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The approximation algorithm {#Sec3}
===========================

The algorithm and its convergence {#Sec4}
---------------------------------

In this subsection, by using Theorem [2](#FPar4){ref-type="sec"} above, we present an approximation algorithm for solving problem (P), and prove that the algorithm can find an *ε*-approximation solution for problem (P).

The proposed algorithm adopts an exploration technique of a suitably defined nonuniform grid over *H*. In the algorithm, let $\documentclass[12pt]{minimal}
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### Theorem 3 {#FPar6}

*The proposed algorithm can find an* *ε*-*approximation solution for problem *(P).

### Proof {#FPar7}
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The complexity of the algorithm {#Sec5}
-------------------------------

In this subsection, the computational complexity of the algorithm will be presented in order to show that the approximation algorithm is an FPTAS for fixed *p*. For this purpose, we need to use the following lemma from Ref \[[@CR27]\]. Let $\documentclass[12pt]{minimal}
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### Lemma 1 {#FPar8}

\[[@CR27]\]
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### Lemma 2 {#FPar9}
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By the proposed algorithm, to find an *ε*-approximation solution for problem (P), the computational cost includes the cost of the computation of the box *H* and the calculation of *ā* at Step (k1) of the algorithm for each iteration. It is known that each $\documentclass[12pt]{minimal}
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In order to give the computational cost of the proposed algorithm, without loss of generality, we can assume that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ c_{i}^{\top}x+c_{0i}\geq1, \quad\quad d_{i}^{\top}x+d_{0i}\geq1, \quad \forall x\in\Omega. $$\end{document}$$ This is because $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \frac{c_{i}^{\top}x+c_{0i}}{d_{i}^{\top}x+d_{0i}}=\frac{M_{i}(c_{i} ^{\top}x+c_{0i})}{M_{i}(d_{i}^{\top}x+d_{0i})} , \quad i=1,\ldots,p, $$\end{document}$$ by choosing sufficiently large $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$M_{i}\in\mathbb{R}$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$x\in\Omega$\end{document}$. Based on the above discussion, combining Lemmas [1](#FPar8){ref-type="sec"} and [2](#FPar9){ref-type="sec"} finally leads to the following theorem.

### Theorem 4 {#FPar11}

*As* *p* *is a fixed positive integer*, *the number of operations required by the proposed algorithm to obtain an* *ε*-*approximate solution for problem* (P) *is not larger than* $$\documentclass[12pt]{minimal}
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### Proof {#FPar12}
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                \begin{document}$\rho=\max\{1, 1/q^{l_{i}},1/q^{u_{i}}: i=1,\ldots ,p\}$\end{document}$. Combining Lemma [1](#FPar8){ref-type="sec"} and the definition of *λ* leads to $$\documentclass[12pt]{minimal}
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                \begin{document}$$ d_{i}^{\top}x^{l_{i}}+d_{0i}=\sum _{j=1}^{n}d_{ij}p_{j}^{l_{i}}/q ^{l_{i}}+d_{0i}\leq\rho\sum_{j=1}^{n}d_{ij}p_{j}^{l_{i}}+ \lambda\leq\rho n^{n+1}\lambda^{n+1}+\lambda\leq2\rho n^{n+1} \lambda^{n+1}. $$\end{document}$$ Thus, with ([3.3](#Equ9){ref-type=""}), it holds that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \ln(u_{i}/l_{i})\leq\ln\bigl(4\rho^{2}n^{2n+2} \lambda^{2n+2}\bigr)=2\ln(2 \rho)+2(n+1)\ln(n\lambda). $$\end{document}$$ Since for each interesting grid point we require the solution of a linear feasibility problem with $\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{gathered} \biggl[ 1+\frac{2 k\ln(2\rho)+2k(n+1)\ln(n\lambda)}{\varepsilon } \biggr] ^{p}T(m+p,n) \\ \quad =O \biggl( \biggl[ \frac{2k(n+1)\ln(n\lambda )}{\varepsilon} \biggr] ^{p} T(m+p,n) \biggr) . \end{gathered} $$\end{document}$$ □

### Remark 1 {#FPar13}

From Theorem [4](#FPar11){ref-type="sec"}, we can conclude that the proposed algorithm is an FPTAS for problem (P) for fixed *p*. On the other hand, we know that the computational time of the proposed algorithm is an exponential increase with *p* increasing. These conclusions can be observed also in the numerical results of the next section.

### Remark 2 {#FPar14}

Notice that the detailed complexity analysis of the proposed algorithm can be used as an indicator of the difficulty of some optimization problems, such as multiplicative programs, sum-of-ratios optimization, etc. Thus, in order to solve efficiently these problems, we should expect to design a more sophisticated approach where its performance is at least as good.

Numerical examples {#Sec6}
==================

Based on Theorem [4](#FPar11){ref-type="sec"}, although the computational complexity results of the algorithms (\[[@CR19], [@CR21]\] and ours) are similar, we should notice that it is the worst case time complexity which is one of the most often used criteria of evaluating algorithms in optimization. In fact, these complexity results (\[[@CR19], [@CR21]\] and ours) are only the upper bounds of the computational cost of the algorithms for solving optimization problems under the worst case, i.e., all the grid points are considered. Hence, to further verify the performance of the proposed algorithm in this article, in this section we compare the proposed algorithm with the ones in \[[@CR19], [@CR21]\] by numerical examples. Because it is an approximation algorithm for solving general fractional programming problem (P), we do not attempt comparisons with the solution methods for solving special cases of (P) (e.g., branch-and-bound \[[@CR11], [@CR12]\], outer-approximation \[[@CR15]\], cutting plane \[[@CR16]\], etc.), and the approximation algorithms in \[[@CR20], [@CR22]\], which are restricted to solving problems under the quasi-concavity or low-rank assumptions in the objective functions. Additionally, the algorithms (\[[@CR19], [@CR21]\] and ours) are based on the exploration of a suitably defined nonuniform grid over a rectangle, but we exploit different exploration strategies to minimize the objective function over the feasible set, and use different methods to update the incumbent best value of the objective function obtained at each iteration, compared with \[[@CR19], [@CR21]\].

We implemented the three algorithms (\[[@CR19], [@CR21]\] and ours) in MATLAB 2012b with some test experiments. Tests are run on a PC with dual processor CPU (2.33 Hz), Intel(R), and Core(TM) i3. Notice that these algorithms use different approaches for computing the lower bound $\documentclass[12pt]{minimal}
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                \begin{document}$u_{i}$\end{document}$ of each ratio term in the objective functions. Hence, for comparison, each $\documentclass[12pt]{minimal}
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                \begin{document}$l_{i}$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$u_{i}$\end{document}$ in the three algorithms is given by taking the same way (i.e., using ([2.6](#Equ6){ref-type=""})) in our computation.

Some notations in Tables [1](#Tab1){ref-type="table"}, [2](#Tab2){ref-type="table"}, [3](#Tab3){ref-type="table"} have been used for column headers: Solution: the approximate optimal solution; Optimum: the approximate optimal value; Iter: the number of the algorithm iterations; CPU(s): the execution time in seconds; Nodes: the maximal number of the interesting grid points restored; Avg: average performance by the algorithm; Std: standard deviation of performances by the algorithm. Table 1**Computational results of Examples ** [**1**](#FPar15){ref-type="sec"} **-** [**5**](#FPar19){ref-type="sec"}**Algorithm*ε*SolutionOptimumIterNodesCPU(s)**1\[[@CR21]\]0.2(0, 0.2816)1.62325,122862185.2\[[@CR19]\]0.2(0, 0.2816)1.62321,12232784.9Our0.2(0, 0.2816)1.62321750.462\[[@CR21]\]0.2(5.382 × 10^−16^, 5.536 × 10^−16^)0.533363121710.4\[[@CR19]\]0.2(5.382 × 10^−16^, 5.536 × 10^−16^)0.53333621225.63Our0.2(5.382 × 10^−16^, 5.536 × 10^−16^)0.533355131.833\[[@CR21]\]0.15(0, 0, 1.6886, 4.3466, 4.3007, 4.0334, 0, 1.4324, 0.7765, 4.1967, 0, 4.1385)0.0511524,5693,727355.2\[[@CR19]\]0.15(0, 0, 1.6886, 4.3466, 4.3007, 4.0334, 0, 1.4324, 0.7765, 4.1967, 0, 4.1385)0.0511514,6693,215215.2Our0.15(0, 0, 1.6886, 4.3466, 4.3007, 4.0334, 0, 1.4324, 0.7765, 4.1967, 0, 4.1385)0.0511570215.664\[[@CR19]\]0.1(1.7177, 2.0155)32.391,998487118.8Our0.1(1.7177, 2.0155)32.39411532.395\[[@CR19]\]0.05(2.0814, 2.9963)7,709.84,3831,327256.9Our0.05(2.0814, 2.9963)7,709.892438556.2 Table 2**Computational results of randomly generated test problems with** $\documentclass[12pt]{minimal}
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                \begin{document}$\pmb{(m,n)=(50,50)}$\end{document}$***p*AlgorithmCPU(s)IterNodesAvgStdAvgStdAvgStd**2\[[@CR21]\]46.524.11,369.475.3362.635.9\[[@CR19]\]39.615.51,225.262.8302.023.4Our1.20.57.81.62.20.54\[[@CR21]\]5,862.1903.816,973.0994.83,612.5917.2\[[@CR19]\]4,590.7802.517,888.1913.83,294534.1Our206.270.83,144.4172.1912.8111.85\[[@CR21]\]7,102.2913.829,121.3904.89,612.5982.5\[[@CR19]\]5,062.4893.119,373.4924.16,613.9861.4Our813.6113.45,082.9823.71,403.6813.96\[[@CR21]\]\-\-\-\-\--\[[@CR19]\]6,384.7895.238,359.4921.711,869.8938.2Our1,455.7201.29,830.4485.72,769.3216.67\[[@CR21]\]\-\-\-\-\--\[[@CR19]\]\-\-\-\-\--Our2,754.3430.712,054.4523.53,257.9433.78\[[@CR21]\]\-\-\-\-\--\[[@CR19]\]\-\-\-\-\--Our4,175.6603.219,853.4873.35,107.7513.29\[[@CR21]\]\-\-\-\-\--\[[@CR19]\]\-\-\-\-\--Our6,175.1837.928,251.5869.28,632.2752.310\[[@CR21]\]\-\-\-\-\--\[[@CR19]\]\-\-\-\-\--Our7,075.9997.833,215.7963.89,897.4924.3 Table 3**Computational results of randomly generated test problems with** $\documentclass[12pt]{minimal}
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                \begin{document}$\pmb{p=4}$\end{document}$**\[** ***m*** **,** ***n*** **\]AlgorithmCPU(s)IterNodesAvgStdAvgStdAvgStd**\[70,70\]\[[@CR21]\]6,518.2869.219,358.8926.49,586.3749.3\[[@CR19]\]5,208.1903.418,308.8908.76,762.1794.8Our362.344.94,588.5303.41,092.9209.6\[70,100\]\[[@CR21]\]\-\-\-\-\--\[[@CR19]\]6,691.2923.623,650.8936.29,834.3792.8Our528.365.65,186.3291.51,394.1287.1\[70,150\]\[[@CR21]\]\-\-\-\-\--\[[@CR19]\]\-\-\-\-\--Our1,028.9635.67,616.4189.61,691.6272.4\[100,150\]\[[@CR21]\]\-\-\-\-\--\[[@CR19]\]\-\-\-\-\--Our1,124.4603.87,096.3193.11,702.2243.4\[150,150\]\[[@CR21]\]\-\-\-\-\--\[[@CR19]\]\-\-\-\-\--Our1,149.2678.58,076.4201.32,001.8292.7\[150,200\]\[[@CR21]\]\-\-\-\-\--\[[@CR19]\]\-\-\-\-\--Our2,048.5728.99,806.7416.82,671.9397.5\[150,300\]\[[@CR21]\]\-\-\-\-\--\[[@CR19]\]\-\-\-\-\--Our3,892.7969.410,903.5971.53,402.6873.4\[200,300\]\[[@CR21]\]\-\-\-\-\--\[[@CR19]\]\-\-\-\-\--Our3,912.8917.29,938.3911.73,521.5816.3\[300,300\]\[[@CR21]\]\-\-\-\-\--\[[@CR19]\]\-\-\-\-\--Our4,025.1909.51,109.3891.53,612.3834.7\[300,400\]\[[@CR21]\]\-\-\-\-\--\[[@CR19]\]\-\-\-\-\--Our4,875.5962.514,946.1938.65,827.5972.8\[300,500\]\[[@CR21]\]\-\-\-\-\--\[[@CR19]\]\-\-\-\-\--Our5,962.6978.616,592.7995.76,987.2957.4

We first solve several sample examples, where Examples [1](#FPar15){ref-type="sec"}-[3](#FPar17){ref-type="sec"} and Examples [4](#FPar18){ref-type="sec"}-[5](#FPar19){ref-type="sec"} come from Ref. \[[@CR28]\] and Ref. \[[@CR29]\], respectively. The corresponding computational results are summarized in Table [1](#Tab1){ref-type="table"}.

Example 1 {#FPar15}
---------

$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \min \frac{-x_{1}+2x_{2}+2}{3x_{1}-4x_{2}+5}+\frac{4x_{1}-3x_{2}+4}{-2x _{1}+x_{2}+3} \\& {\text{s.t.}}\quad x_{1}+x_{2}\leq1.5, \quad\quad x_{1}\leq x_{2}, \quad\quad 0\leq x_{1} \leq1, \quad\quad 0\leq x_{2}\leq1. \end{aligned}$$ \end{document}$$

Example 2 {#FPar16}
---------
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                \begin{document} $$\begin{aligned}& \min \frac{-x_{1}+2x_{2}+2}{3x_{1}-4x_{2}+5}\times\frac{4x_{1}-3x_{2}+4}{-2x _{1}+x_{2}+3} \\& {\text{s.t.}}\quad x_{1}+x_{2}\leq1.5,\quad\quad x_{1}\leq x_{2}, \quad\quad 0\leq x_{1} \leq1, \quad\quad 0\leq x_{2}\leq1. \end{aligned}$$ \end{document}$$

Example 3 {#FPar17}
---------
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                \begin{document} $$\begin{aligned}& \min \prod_{i=1}^{6} \frac{\langle c^{i},x \rangle +r_{i}}{\langle d^{i},x\rangle +s_{i}} \\& {\text{s.t.}}\quad Ax\leq b,\quad\quad x\geq0, \end{aligned}$$ \end{document}$$ where $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& {c}^{1}=( -0.2, -0.7, -0.1, 0.4, 0.0, 0.8, 0.1, -0.8, -0.2, 0.0, 0.1, 0.4), \quad\quad r _{1}= 21, \\& {d}^{1}=( 0.2, 0.5, -0.6, 0.1, 0.6, 0.4, -0.4, -0.3, 0.7, 0.5, 0.4, -0.1), \quad\quad s _{1}= 13.3, \\& {c}^{2}=( -0.1, 0.1, -0.4, -0.1, -0.1, 0.4, 0.2, 0.5, 0.3, -0.4, -0.3, 0.3), \quad\quad r _{2}= 16.3, \\& {d}^{2}=( -0.3, -0.2, -0.7, 0.1, 0.2, -0.2, -0.5, 0.4, 0.3, 0.0, 0.6, -0.5), \quad\quad s _{2}= 16, \\& {c}^{3}=( 0.8, 0.0, -0.1, 0.4, 0.2, 0.1, -0.5, 0.0, 0.5, 0.6, -0.3, -0.4), \quad\quad r _{3}= 3.7, \\& {d}^{3}=( 0.1, 0.0, 0.0, 0.3, 0.2, 0.7, 0.4, 0.2, -0.1, -0.5, 0.6, -0.1), \quad\quad s _{3}= 16.7, \\& {c}^{4}=( 0.6, 0.2, 0.2, -0.3, 0.5, 0.4, 0.1, 0.6, -0.3, 0.3, 0.4, 0.3), \quad\quad r _{4}= -1.8, \\& {d}^{4}=( -0.3, 0.0, 0.0, -0.5, -0.1, 0.2, 0.6, -0.6, 0.1, -0.2, 0.8, -0.3), \quad\quad s _{4}= 21.5, \\& {c}^{5}=( -0.3, -0.3, 0.5, 0.1, 0.2, -0.5, 0.1, 0.2, 0.0, 0.6, 0.3, -0.2), \quad\quad r _{5}= 5, \\& {d}^{5}=( 0.3, 0.0, 0.3, 0.0, -0.8, -0.3, 0.3, -0.9, -0.1, -0.6, -0.1, 0.2), \quad\quad s _{5}= 18.7, \\& {c}^{6}=( 0.2, -0.1, 0.0, 0.0, -0.2, -0.4, 0.0, -0.6, 0.8, -0.2, 0.0, -0.1), \quad\quad r _{6}= 12.7, \\& {d}^{6}=( 0.0, 0.6, 0.0, 0.1, 0.0, -0.2, 0.0, -0.5, 0.2, -0.3, 0.3, 0.1), \quad\quad s _{6}= 19.2, \\& A=\left [ \textstyle\begin{array}{@{}c@{\quad}c@{\quad}c@{\quad}c@{\quad}c@{\quad}c@{\quad}c@{\quad}c@{\quad}c@{\quad}c@{\quad}c@{\quad}c@{}} 1.9 & 0.0 & -0.2 & -1.5 & 1.8 & 0.9 & -1.0 & 4.5 & 4.5 & -3.5 & -1.8 & -4.8 \\ 2.9 & 3.7 & -4.8 & -1.9 & 1.8 & -3.7 & 1.8 & 2.5 & -2.9 & 1.9 & -3 & 3.2 \\ 3.3 & 2.4 & 3.3 & 4.8 & -0.3 & 3.9 & 0.8 & -1.7 & 2.0 & -0.3 & -1.8 & 2.2 \\ -4.3 & 1.8 & 2.1 & -4.5 & -0.5 & 2.4 & 1.4 & -0.3 & -2.0 & -2.8 & 0.4 & 4.5 \\ 1.5 & -0.3 & 0.4 & 1.2 & 1.1 & 1.9 & 1.5 & -1.2 & -3.3 & 4.4 & 3.2 & -4.3 \\ -3.2 & 2.4 & -4.5 & -1.0 & -2.7 & 3.7 & -0.1 & 3.9 & -1.9 & 3.2 & 2.1 & 1.3 \\ 0.9 & 0.5 & 4.0 & -1.5 & 1.2 & -1.5 & 1.2 & -3.7 & -0.1 & 0.0 & -2.4 & -4.1 \\ -4.1 & -4.5 & 2.2 & -3.1 & 4.4 & 4.8 & -3.4 & 2.2 & -2.1 & 2.3 & 2.6 & -1.4 \\ 2.4 & 2.3 & 4.7 & -1.7 & -1.6 & 3.8 & -4.0 & 1.3 & -0.4 & -0.4 & 2.9 & 1.2 \\ 0.0 & -3.2 & -0.2 & 2.0 & -2.9 & 2.7 & 3.1 & 2.9 & -2.6 & -4.3 & 0.2 & 4.6 \\ -1.3 & -0.9 & 3.4 & 3.9 & 4.9 & 2.3 & -3.0 & -1.5 & 2.5 & -1.7 & 1.7 & -2.9 \\ 3.5 & 3.4 & 2.5 & -0.4 & -4.5 & 2.8 & -1.7 & 2.1 & -2.9 & -4.7 & 1.3 & 4.5 \\ 1.9 & -0.9 & -3.3 & -2.3 & 1.6 & -0.5 & -4.9 & 3.0 & -4.9 & 3.6 & -3.7 & 2.2 \\ -1.4 & 3.5 & -2.8 & -1.2 & -4.7 & -3.2 & 2.2 & -4.0 & 2.8 & 3.3 & 4.4 & -3.1 \\ -2.1 & 2.6 & -3.9 & 1.0 & 2.3 & 1.8 & 4.2 & 1.8 & 2.7 & 0.9 & 3.3 & 1.7 \end{array}\displaystyle \right ] , \\& \begin{aligned} b&=(-20.1, -1.0, 82.6, 14.6, 37.7, 40.7, -23, \\ &\quad{} 47.4, 83.0, 9.9, 33.7, 49.1, 14.0, -45.6, 30.4)^{ \top}. \end{aligned} \end{aligned}$$ \end{document}$$

Example 4 {#FPar18}
---------

$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \min \prod_{i=1}^{3}f_{i}(x) \\& {\text{s.t.}}\quad x_{1}+2x_{2}\leq10, \quad\quad 0\leq x \leq10, \quad\quad 0\leq x\leq4, \end{aligned}$$ \end{document}$$ where $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& f_{1}(x)=(x_{1}-1)^{2}+(x_{2}-1)^{2}+1, \\& f_{2}(x)=(x_{1}-2)^{2}+(x_{2}-3)^{2}+1, \\& f_{3}(x)=(x_{1}-4)^{2}+(x_{2}-2)^{2}+1. \end{aligned}$$ \end{document}$$

Example 5 {#FPar19}
---------

$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \min \prod_{i=1}^{3}f_{i}(x) \\& {\text{s.t.}}\quad (x_{1}-2)^{2}+(x_{2}-3)^{2} \leq1, \quad\quad 0\leq x\leq3, \quad\quad 0 \leq x\leq3, \end{aligned}$$ \end{document}$$ where $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& f_{1}(x)=5x_{1}^{4}+x_{2}^{4}, \\& f_{2}(x)=3(x_{1}-5)^{4}+10(x_{2}-3)^{4}, \\& f_{3}(x)=7(x_{1}-2)^{4}+2(x_{2}-4)^{4}. \end{aligned}$$ \end{document}$$

Note that for solving Examples [4](#FPar18){ref-type="sec"} and [5](#FPar19){ref-type="sec"} we chose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(l_{1},l_{2},l_{3})=(1,1,1)$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(u_{1},u_{2},u_{3})=(12,7,12)$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(l_{1},l_{2},l_{3})=(13,54,2)$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(u_{1},u_{2},u_{3})=(450,850,105)$\end{document}$ which come from Ref. \[[@CR29]\], respectively. In addition, we notice that the algorithm in \[[@CR21]\] cannot be reasonable to solve Examples [4](#FPar18){ref-type="sec"} and [5](#FPar19){ref-type="sec"}, and so we do not use it for solving them.

From Table [1](#Tab1){ref-type="table"}, it can be seen easily that the proposed algorithm requires less computational time for solving Examples [1](#FPar15){ref-type="sec"}-[5](#FPar19){ref-type="sec"} compared with the ones in \[[@CR19], [@CR21]\] with the same $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varepsilon>0$\end{document}$ value. This is because the number of iterations and the maximal number of the interesting grid points restored are less than the ones in \[[@CR19], [@CR21]\] from Table [1](#Tab1){ref-type="table"}, which means that the total number of the interesting grid points considered by the proposed algorithm is less than the one of the algorithms in \[[@CR19], [@CR21]\]. Also, in the three algorithms (\[[@CR19], [@CR21]\] and ours), notice that the main computational time is to check feasibility of linear programs at interesting grid points. Hence, the more interesting grid points are considered, the more computational time will be required.

Next, we apply the three algorithms (\[[@CR19], [@CR21]\] and our own) to randomly generated examples as follows. $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \min\prod_{i=1}^{p}c_{i}^{\top}x \\& \text{s.t.}\quad x\in X=\bigl\{ x\in\mathbb{R}^{n}:Ax\geq b, L\leq x \leq V\bigr\} , \end{aligned}$$ \end{document}$$ where all elements of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{i}\in\mathbb{R}^{n}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L\in\mathbb{R} ^{n}$\end{document}$ are random numbers generated from the interval $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[0,1]$\end{document}$; $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b\in\mathbb{R}^{m}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$V\in\mathbb{R}^{n}$\end{document}$ are randomly generated vectors with all components belonging to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(1,2)$\end{document}$; and each element of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A\in\mathbb{R}^{m\times n}$\end{document}$ is randomly generated in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[-1,1]$\end{document}$. Nineteen examples for selected combinations of *m* (number of constraints), *n* (number of variables), and *p* (number of linear functions in the objective function), altogether 190 randomly generated test instances are solved. The approximation error is fixed at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varepsilon=0.01$\end{document}$, and the average computational results (standard deviation) are obtained by running the algorithms (\[[@CR19], [@CR21]\] and ours) for 10 times. Table [2](#Tab2){ref-type="table"} shows the numerical results for solving instances when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(m,n)=(50,50)$\end{document}$, *p* changed in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{2,4,5,6,7,8,9,10\}$\end{document}$. Similarly, as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p=4$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(m,n)$\end{document}$ is changed, the computational results are listed in Table [3](#Tab3){ref-type="table"}. In Tables [2](#Tab2){ref-type="table"} and [3](#Tab3){ref-type="table"}, '-' means the problem cannot be solved within two hours.

It can be seen from Tables [2](#Tab2){ref-type="table"} and [3](#Tab3){ref-type="table"} that the proposed algorithm needs fewer iterations and interesting grid points, and so requires less computational time for solving this kind of random problems, compared with the algorithms given by \[[@CR19], [@CR21]\]. Also, it is shown by Tables [2](#Tab2){ref-type="table"} and [3](#Tab3){ref-type="table"} that the performance of the algorithms is strongly affected by changes in *n* and *p*, specially, when *p* increases. The reason is that the number of operations required by the algorithms (\[[@CR19], [@CR21]\] and ours) is an exponential increase with *p* increasing according to the corresponding computational complexity results.

It is worth mentioning from Tables [2](#Tab2){ref-type="table"} and [3](#Tab3){ref-type="table"} that the computational time of the proposed algorithm increases with *n* and *p* increasing, but not as sharply as the algorithms in \[[@CR19], [@CR21]\]. For example, in Table [2](#Tab2){ref-type="table"}, the instances cannot be solved by the algorithms in \[[@CR19], [@CR21]\] within two hours when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\geq6$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\geq7$\end{document}$, respectively, while the presented algorithm can solve all instances with *p* increasing 2 to 10 in less than two hours. This is due to the fact that the main computational cost of the algorithms (\[[@CR19], [@CR21]\] and ours) is the solution of linear feasibility problems at the interesting grid points. That is to say, the computational time for solving this kind of problems is directly affected by the number of interesting grid points. We notice that for the algorithms in \[[@CR19], [@CR21]\], the number of iterations and interesting grid points checked at each iteration increases with *p* increasing. However, for the proposed algorithm, *p* is related to the number of iterations (see Step (k2) in the proposed algorithm) and independent of the number of interesting grid points checked at each iteration (see Step (k1) in the proposed algorithm). This means that the proposed algorithm requires fewer interesting grid points considered and less computational time than the ones of the algorithms in \[[@CR19], [@CR21]\] for solving this kind of random problems. Moreover, from Table [3](#Tab3){ref-type="table"}, notice that the algorithms in \[[@CR19], [@CR21]\] cannot solve the instances within two hours when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\geq150$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p=4$\end{document}$, but all instances selected can be solved by the proposed algorithm within no more than two hours. This is mainly because the more interesting grid points are considered, the more the feasibility of linear programs with *n* variables should be checked. On the other hand, note that the interesting grid points considered by the proposed algorithm are much fewer than the ones considered by the algorithms \[[@CR19], [@CR21]\]. And so the increase of the computational time of the proposed algorithm is not as sharp as the algorithms \[[@CR19], [@CR21]\] with *n* increasing.

A comparison of the performance of the algorithms (\[[@CR19], [@CR21]\] and our own), the numerical results in Tables [1](#Tab1){ref-type="table"}-[3](#Tab3){ref-type="table"} show that the proposed algorithm is effective and the computational results can be obtained within a reasonable time.

Results and discussion {#Sec7}
======================

In this work, a new solution algorithm for globally solving a class of generalized fractional programming problems is presented. As further work, we think the ideas can be extended to more general type optimization problems, in which each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{i}^{\top}x+c_{0i}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$d_{i} ^{\top}x+d_{0i}$\end{document}$ in the objective function to problem (P) is replaced with a convex function, respectively.

Conclusion {#Sec8}
==========

This article proposes a new approximation algorithm for solving a class of fractional programming problems (P) without the assumptions on quasi-concavity or low-rank. In order to solve this problem, the original problem (P) is first converted into a *p*-dimensional equivalent one with a box constrained set, we then give a new approximation algorithm which can be more easily implemented compared with the ones given in \[[@CR19], [@CR21]\]. Moreover, the computational complexity of such an algorithm can be derived to show that it is an FPTAS when *p* is fixed, and that its computational time is an exponential increase with *p* increasing. Also, the complexity results can be used as an indicator of the difficulty of some optimization problems falling into the category of (P), and so we should expect to design a more sophisticated approach where its performance is at least as good. Additionally, this article not only gives a provable bound on the running time of the proposed algorithm, but also guarantees the quality of the solution obtained to problem (P).
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